It is shown that the Stokes-Mueller formalism can be reformulated in terms of quaternions, and the quaternion approach is more suitable for the formalism of Mueller-Jones states that we have recently described. In terms of quaternions it can be shown that the vector and matrix states and the Jones matrix associated to nondepolarizing optical systems are different representations isomorphic to the same quaternion state, and this quaternion state turns out to be the rotator of the Stokes quaternion. It is also shown that the coherent linear combination of nondepolarizing optical media states and depolarization phenomena can be reformulated in terms of quaternion states.
I. INTRODUCTION
In our previous works [1, 2] , we have introduced two different representations of Mueller-Jones states: the covariance vector |h and the Z matrix. Covariance vector, |h , can be defined in terms of the covariance matrix H associated to the Mueller matrix M:
where M ij (i, The superscript † indicates the complex conjugate and transpose, the superscript * indicates complex conjugate, ⊗ is the Kronecker product and σ i are the Pauli matrices with the 2 × 2 identity in the following order:
If and only if the Mueller matrix of the system is nondepolarizing, the associated covariance matrix H will be of rank 1. In this case it is always possible to define a covariance vector |h such that [3] [4] [5] :
where |h is the eigenvector of H corresponding to the single nonzero eigenvalue. * makuntman@gmail.com
In the preferred basis Π ij the dimensionless components of |h can be parametrized as τ , α, β, γ:
where α, β and γ are generally complex numbers, while τ can always be chosen as real and positive if we discard the global phase.
On the other hand, in our previous works there was another object, Z, that serves as a Mueller-Jones state in matrix form:
By direct matrix multiplication it can be shown that the Mueller matrix of any nondepolarizing optical media can be written as:
The Mueller matrix transforms the stokes vector |s = (s 0 , s 1 , s 2 , s 3 )
T into |s ′ :
. It can be shown that the Z matrix transforms the Stokes matrix according to the following scheme:
where the Stokes matrix, S, is defined as
The Z matrices are also suitable to describe the product state of the combined system associated to a serial combination of the optical media:
But similar algebra is not possible with |h vectors. Therefore, |h vectors and Z matrices appear as different entities in their present form.
In this work it will be shown that Z matrices and |h vectors are actually two different representations of the same quantity which are isomorphic to the h quaternion.
II. QUATERNION STATE
First, we observe that the Z matrix can be written as a linear combination of four matrices: 
It is clear that these matrices are isomorphic to the quaternion basis defined by Hamilton [6] :
Therefore, the Z matrix of (13) is isomorphic to the h quaternion:
which is directly related to the covariance vector |h .
It is worth noting that the Jones matrix is also isomorphic to the quaternion h. In order to show this we write the Jones matrix in terms of Pauli matrices [2] :
which can be written as
The 2×2 matrices σ 0 , −iσ 1 , −iσ 2 and −iσ 3 are, respectively, isomorphic to the quaternion basis, 1, i, j and k. Therefore, we can write the associated Jones quaternion as follows:
We therefore conclude that the vector state |h , the matrix state Z and the Jones matrix J are isomorphic to the same quaternion state, h.
III. PROPERTIES OF QUATERNION STATES
The algebra of the quaternion states, h, is free from any matrix (or vector) representation. Hence we will base our formalism on the quaternionic form of the nondepolarizing media states.
A. Multiplication of quaternion states
We can multiply two (or more) h quaternions and that results into another h quaternion:
It is worth noting that the resultant h quaternion is not a four component column vector, it is a single hypercomplex number that corresponds to the covariance vector |h with the following components:
The Z matrix serves as a short hand multiplication table for |h vectors [7] :
where |h , Z 2 , |h 2 , correspond respectively to h quaternion, h 2 quaternion and h 1 quaternion. The quaternion algebra of (21) based on the multiplication of two hypercomplex numbers offers a compact and simple alternative to the matrix-matrix multiplication (12), and to the matrix-vector multiplication (23).
B. Transformaton of a Stokes quaternion
A three dimensional vector v(= v 1 i + v 2 j + v 3 k) can be rotated about an axis by an angle θ as follows:
where q is a unit real quaternion, andq is the Hamilton (quaternion) conjugate of q:
(q 0 , q 1 , q 2 , q 3 are real numbers such that=qq = q
From the formula (10) it immediately follows that a very similar transformation (rotation) applies to the Stokes quaternion (see also Liu et al. [8] ):
where h † is the the Hermitian conjugate of h:
and s is the Stokes quaternion that corresponds to the Stokes vector |s = (s 0 , s 1 , s 2 , s 3 ) T :
. s ′ is the transformed (rotated) Stokes quaternion which corresponds to the transformed Stokes vector |s ′ :
where M is a nondepolarizing Mueller matrix. The proof is straightforward but tedious. By direct multiplication of three quaternions in (26) it can be shown that the transformed Stokes quaternion s ′ is isomorphic to the transformed Stokes vector |s ′ .
C. Rotation of the quaternion state
The Mueller matrix of an optical element can be rotated by an angle θ in a plane perpendicular the light propagation direction:
where
Similarly, the covariance vector of a nondepolarizing Mueller matrix can be rotated as follows:
where |h(θ) generates M(θ).
The covariance vector of the matrix R(θ) is |r(θ) = (cos(θ), 0, 0, −i sin(θ))
T with the associated quaternion r:
The quaternion r is unitary and it is the rotator for the quaternion h:
where r † =r = cos(θ)1 − sin(θ)k.
D. Other properties and special cases
1. The norm of the covariance vector is given by,
In the quaternion language, this norm corresponds to the real part of the quaternion h multiplied by its Hermitian conjugate:
2. The following property can be used to define successive rotations:
For example, if h 1 and h 2 are two quaternions corresponding to two rotations, the transformed Stokes quaternion can be written as:
(38) which means that h 2 h 1 is the combined rotator.
3. If τ is real and α, β, γ are pure imaginary then,
and, if |h is normalized to unity then,
In this case, h † is the inverse of h, and inverse rotation for Stokes quaternion can be written as,
This case corresponds to unitary Z and unitary M [2].
4. In general, inverse rotation is related to the Hamilton conjugate of the quaternion h which is defined ash
Since
if (τ 2 − α 2 − β 2 − γ 2 ) > 0 the inverse of h can be defined as follows:
Similarly the inverse of the Hermitian conjugate of h is
5. If τ, α, β and γ are real,
In this case, transformation of the Stokes quaternion becomes
This case corresponds to Hermitian Z and Hermitian M [2] .
IV. APPLICATION TO THE REPRESENTATION OF OPTICAL MEDIA A. Coherent linear superposition of Mueller-Jones states and depolarization
As we have shown, the Mueller-Jones state of a nondepolarizing optical media can be represented by a covariance vector |h , by a matrix state Z, by a Jones matrix J or by a quaternion h.
Any linear combination of quaternions is also a quaternion, and a coherent linear combination of Mueller-Jones states can be written as,
The coefficients a, b, c, . . . are, in general, complex numbers.
If the process is coherent then the Stokes quaternion is subjected to a rotation by the quaternion state h associated with the combined system. If the process is incoherent we have to consider depolarization effects and in this case, the covariance matrix H associated with a depolarizing Mueller matrix will be of rank > 1, and depolarizing Mueller matrix can be written as a convex sum of at most four nondepolarizing Mueller matrices [9] :
where M 1 , M 2 , M 3 and M 4 are nondepolarizing Mueller matrices; w 1 , w 2 , w 3 , and w 4 are real and positive numbers with the condition,
Decomposition of a depolarizing Mueller matrix into its nondepolarizing components is not unique. In the spectral (Cloude) decomposition [9] , weights w i are the eigenvalues of the covariance matrix, H, and the component matrices M i are the nondepolarizing Mueller matrices corresponding to the associated eigenvectors of H.
For an incoherent combination, from the linearity of the convex summation of (49), we can immediately write a transformation formula for the Stokes quaternion:
The same depolarization scheme given in [1] applies to the quaternion formulation as well.
B. The nondepolarizing Mueller matrix
The nondepolarizing Mueller matrix can be recovered by shifting from triple quaternion multiplication (26) to a matrix-matrix-vector multiplication.
Consider the second product of the quaternion rotation in (26). The quaternion product sh † maps to the following matrix-vector product:
where S is the matrix associated with the Stokes quaternion s.
It can be shown that the order of multiplication can be reversed by means of the Z * matrix:
where |s is the Stokes vector (|s = (s 0 , s 1 , s 2 , s 3 ) T ).
Since quaternion h is associated with the Z matrix, the triple quaternion product maps to the following matrixmatrix-vector product:
where M is the nondepolarizing Mueller matrix. Explicit form of the nondepolarizing Mueller matrix in terms of the parameters τ, α, β and γ can be found in [2] .
C. Exponential and differential form of the quaternion state
Any quaternion, q = w1+xi+yj+zk, can be expressed in an exponential form:
where |q| = √ qq, cos θ = w/|q|,û = (xi + yj + zk)/ x 2 + y 2 + z 2 , sin θ = x 2 + y 2 + z 2 /|q|.
Similarly the quaternion h = τ 1 + iαi + iβj + iγk can be written in polar form by using the expressions for τ, α, β and γ in terms of the spectroscopic parameters η (isotropic phase retardation), κ (isotropic amplitude absorption), CD (circular dichroism), CB (circular birefringence), LD (horizontal linear dichroism), LB (horizontal linear birefringence), LD ′ (45 • linear dichroism) and LB ′ (45 • linear birefringence):
If we choose θ = T /2, then the quaternion h can be written as,
whereh is another quaternion which can be written as
The quaternionh corresponds to the differential z matrix [2] ,
Now we can differentiate h with respect to l (distance along the propagation of light)
This equation is a reformalism of the Stokes-Mueller differential formalism [10] and it can be compared with the well known quaternion differentiation formula:
where ω is the angular velocity. Hence, 2h/l can be interpreted as the angular velocity in the rotation by an angle θ of the quaternion state through the medium.
V. CONCLUSION
It is shown that the Stokes-Mueller formalism can be reformulated in terms of quaternions, and the quaternion approach is more suitable for the formalism of MuellerJones states that we have recently described. The vector state |h , the matrix state Z and the Jones matrix J are consistantly isomorphic to the same quaternion state h.
Mueller transformation of the Stokes vector turns out to be a familiar rotation generated by quaternion rotators. Particularly, if M is a unitary matrix then α, β and γ are pure imaginary numbers and the quaternion state, h, becomes a real quaternion. In this case, the quaternion rotation of the Stokes quaternion can be conceived as a three dimensional rotation on the Poincaré sphere.
In short, quaternion algebra embraces all views of the Stokes-Mueller formalism, including coherent linear combination of Mueller-Jones states and depolarization.
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